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1. INTRODUCTION 
A (cyclic) (v, k, I)-difference set B= {b,, . . . . bk} is a collection of k 
distinct residues modulo v such that for any residue b f 0 (mod v), the 
congruence bi- bj= b (mod u) has precisely A solution pairs with bi and bj 
in B; in particular, necessarily 
k(k- l)=n(u- l), (1) 
where, as is customary to avoid trivialities, 1 <k < u - 1. 
On p. 63 of his 1971 exposition of the theory of cyclic difference sets [ 11, 
L. D. Baumert notes that each member of the equivalent (21, 5, l)-dif- 
ference sets 
(3, 6, 7, 12, 141, (7, 9, 14, 15, 18) c-3 
is divisible by 3 or by 7, i.e., by a non-trivial factor of v, and comments that 
there are no other known difference sets with this property. It is the pur- 
pose of this paper to demonstrate that, in fact, all other difference sets 
(whether known or, as yet, undiscovered) must contain a residue co-prime 
with Y. Such a residue is a generator of the cyclic additive group of integers 
modulo v, whence the title of the paper. 
THEOREM 1. With the exception of the two (21, 5, l)-difference sets (2), 
every cyclic (v, k, A)-difference set contains a residue co-prime with u. 
*This work was done during a visit by the author to the Department of Mathematics, 
University of the Witwatersrand, Johannesburg. 
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In the single published result in this direction of which I am aware [6], 
Sun and Shen prove a limited version of Theorem 1 in which 2, is odd and 
is divisible by at most two distinct prime factors but not by 3q, where 
4 = 5,7, 11, 13. Though more general and complete, our work is consistent 
with this in that considerably more effort is required when v is divisible by 
several small prime factors, especially when v is euen. Of the known dif- 
ference sets, the main candidates for this category are Singer difference sets 
(or those having the same parameters) but, in principle, there may be many 
more, perhaps with large parameter values. 
The method employs character sum techniques (based on the Hall poly- 
nomial expression of the difference set property) to derive a series of lower 
bounds for the number of integers in B co-prime with U; these are depend- 
ent on a choice of divisors ui and u2 of v. A major task is to check that, 
generally, there is an effective choice. The checking procedure is outlined 
although some details are omitted. Extra consideration is required for one 
large value of v, namely 21,390, which has live distinct prime factors, but 
otherwise the procedure fails only when v=21 and 273. In the latter case 
alone do we resort to a direct examination of the relevant different sets 
themselves. 
In problems on difference sets it is normally possible, when k> iv, to 
pass from B to its complement. This is not so here, although since there 
are, in all, 4(v) residues co-prime with v (where 4 is Euler’s function) we 
could assume that k 6 v - 4(u). Similarly, the property we are investigating 
is not preserved by translations of B although it is permissible to replace 
B by equivalent difference sets of the form aB, where (a, v) = 1. 
Throughout we assume B is a (u, k, L)-difference set as above with 
II = k - A, as usual. 
2. CHARACTER SUMS 
For any non-zero residue a modulo v, define P(a) to be the highest 
common factor (a, v). In particular, (a, v) = 1 if and only if P(a) = 1. In 
terms of this definition, for any divisor u of v (often, but not invariably 
taken to be square-free), let N(U) ( = N,(u)) denote the number of residues 
b in B for which (P(b), U) = 1. Thus N(v) represents the total number of 
residues in B co-prime with v. Crucially, we obtain an expression for N(U) 
in terms of character sums. 
Let i, be any (complex) 0th root of unity. Then a character x modulo 
v is defined by mapping a residue a onto c: and we write S(x) for the 
character sum cil + ... + [F (which is the same as e([,), where 0 is the 
Hall polynomial, see Cl, p. Xl). There are precisely 4(u) characters having 
order u for each divisor u of v (namely, those mapping a onto [Flu, where 
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(i, U) = 1 and [, is a primitive vth root of unity) and we denote by CXCmod U, 
a sum over a21 c#(u) character sums having order u. With this notation we 
can express N(u) explicitly (see [2, 31, and compare [5]) as 
Nu)=@(u) Fu &d) d!i! C S(x)= 8(u) C T(d), say, (3) 
:! (mod u) dlu 
where ~1 is the Mobius function and hereafter 0(u) always denotes the ratio 
d(u)/u, signifying the proportion of residues a for which (P(a), U) = 1. 
Of course, when x is the principal character x0 (corresponding to [,= 1 
and having order l), then S(xD) = k. Otherwise, the difference set property 
[I, (1.12)] implies that 
IS( = $3 XfXo. 
Since Ip( = 1 if d is square-free and is zero otherwise, then T(d) is zero 
unless d is square-free when certainly \T(d)l < & (d> 1). Hence, by (3), 
for any 24 /v, 
N(u)~O(u)(k-(W(u)-l)~), (4) 
where W’(U) = 2 0(U) denotes the total number of square-free divisors of U, 
w(u) being the number of distinct prime factors of U. Selecting u = v we 
deduce immediately the first part of the following result. 
LEMMA 2. Suppose B does not contain a residue co-prime with v. Then 
k<(W(v)-l)&. (5) 
Moreover, 
u <n-y W(v) - i)“< W”(v). (61 
ProoJ: For (6) we have n<k and, by (t), Iv=k2-rink’. 
Inequality (6) guarantees that u is bounded, for example, by IO’*, More 
careful investigation of (5) can greatly reduce the size of the bound but, 
inevitably, leaves prohibitively many cases unsettled. 
LEMMA 3. Suppose u1 and u2 are divisors of v with highest common 
factor u and least common multiple U. Then 
N(U) 2 N(u,) + N(U2) - N(u). 
(In this inequality any of the integers u, ul, u2, pi can be replaced b-v another 
divisor of v with the same distinct prime factors.) 
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ProoJ: Denote by B(u) the subset of B comprising residues a for which 
(P(a), U) = 1. Clearly B(u,) u B(+) c B(u) while B(u,) n B(q) = B(U) and 
the result follows. Of course B(u) depends only on the primes in u which 
justifies the parenthetical remark. 
COROLLARY 4. Let 1.4~ and u2 be as in Lemma 3. Then 
N(U)~(e(u,)+e(u,)-e(u))k-(p(u,)+p(u,)-p(u))~, 
where p(u) = fl(u)( W(u) - 1). 
ProoJ: We can suppose Qu,) + @(u,)> 19(u) (otherwise the resuit is 
vacuous). Then by (3) 
Nu,) + Wd - N(u) = (e(u,) +‘34 - Q(u)) 
( d/u 
k+ c T(d) 
) 
- l@(u) - Qu,)) C T(d) - (e(u) - @(u,)) 2 T(d) 
dlul 
d>u 
and the result follows as in (4) since 19(u) - B(uj) 3 0, i= 1,2. 
dluz 
d>u 
Inequality (4) is recovered if u2 I u1 (say). For the most part, we apply 
Corollary 4 with u1 u2 a product containing all the primes in ~1 so that we 
may take U= u. We use r = o(u) to denote the total number of these 
primes. 
3.hOOFWHEN r,<3 I 
This is greatly aided by a complete knowledge (tabulated in Cl]) of all 
parameter values with k < 100 for which a difference set does exist. Infor- 
mally, we shall write B = (v, k, 2) for a difference set with these parameters, 
which we suppose to possess no generator. 
If r = 1, then (5) yields k < ,f% which is impossible. 
If Y = 2, then (5) implies that k < 9 (since n < k). According to [ 1 ] there 
are only the three possibilities which follows and with which we deal in 
turn. 
B = (21,5, 1). By a theorem of Hall [4], B must be a Singer planar 
difference set equivalent to B* = (3, 6, 7, 12, 14) (see Cl]). It is easily 
checked that every translate of B* possesses a generator while the only 
distinct multiple aB* with (a, 21) = 1 is 5B*, the other set in (2). 
B = (15,7, 3). Here k/& = 7/2 > 3, contradicting (5). 
B = (57,8, 1). Again k/A = 8/a > 3. 
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Now suppose r = 3. Then k < 49 by (5) and [ 1-j permits four possibilities 
as follows. 
B= (273 = 3.7.13, 17, 1). Here, by [S], B must be a Singer planar 
difference set equivalent to the one listed in [l]. In this case only we 
examine directly all its translates and conclude that always N,(273) > 4, 
with equality occuring for instance when 
B= {9,27, 28, 30, 34,42, 58,90, 117, 143, 154, 163,208,221, 231,260, 265), - - - __ 
the generators being underlined. 
B=(651=3.7.31,24,1). By Corollary4 with u,=21, u,=31, 
N(651)>26(;+;-l)-5(7+;)>0.6. 
B = (156 = 221 3 .13, 31, 6). Here we require a slight modification to 
Corollary 4. We have 
where x is a character of order 3 and S(x), an integer in the field Q(n), 
has absolute value 5. Thus S(x) = +5 or 5( t- 1 + &?)/2. The only con- 
clusions consistent with the fact that N(3) is an integer are that T(3) = 5 or 
- 5/2, whence T(3) > -5/2. Choosing u1 = 6, u2 = 26 in Corollary 4 but 
using this bound for T(3) (instead of T(3) > -5), we obtain 
N(156)>31 (;+A-;)-5(;+;-;)-$;>0.5. 
B = (1407 = 3.7 .67,38, 1). Take u1 = 21, u2 = 67 to give N(1407) > 4. 
4. PROOF FOR v  ODD 
Express IJ in terms of n and Iz by means of (1) and k = n + d to obtain 
u=I-‘(n2+(21-l)n+/22). (79 
This means that, for fixed I, u divides a quadratic in IZ having the conse- 
quence (as we shall now show) that some primes (in particular, some smakZ 
primes) cannot be divisors of u. (Since successful application of Corollary 4 
is less likely if u is a product of several small primes this fact is crucial;) 
Specifically, if an odd prime p divides u, then (2il- 1)” - 4A2 = 1 - 4.A is a 
%2a/51/2-6 
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square modulo p and so either p/41 - 1 or the Legendre symbol 
(( 1 - 41)/p) = 1 which, by the law of quadratic reciprocity, is equivalent to 
the fact that the Jacobi symbol (p/(41 - 1)) = 1. For example, if 1= 1 and 
pI U, then p = 3 or (p/3) = 1, i.e., p = 1 (mod 6). More generally, for 
arbitrary R, prime divisors of v must lie in certain congruency classes 
modulo 2(41- 1). For 1~ ;1< 12 we tabulate (Table I) the smallest four 
(or more) of the possible odd prime factors of 0. 
Suppose now that v is odd and B= (v, k, 2) contains no generator. Let 
pi, . . . . pr (r = o(v)) be the primes dividing v in increasing order. In the nota- 
tion of Corollary 4, given divisors ur, u2 of v with p1 . . -pr 1 u1 u2 define 
P(~l)+P(~2)-PP(~) 
cr = B(u,) + tqu,) - e(u)' (8) 
Then k/,,h B 0 by Corollary 4. On the other hand, by (7), n < (nu)“’ while 
k > (Au)“‘, since k2 - n = lv. Hence kf$ > (no)“” and so 
(au)“” < 6. (9) 
Now let pi, . . . . pi be another set of distinct odd primes with pi <pi, 
i = 1, . . . . r. Also let u;, u;, u’, v’, G’ be the numbers obtained by substituting 
pi for pi (for each i) in the prime decompositions of ur, u2, U, v and in (S), 
respectively. Then trivially v’ < v while, perhaps after some reflection, rr’ > u 
always. Indeed if v* is any positive integer not exceeding v (such as 
P; . . . p;), then, obviously, (9) implies that 
(av*p4 < CT’. (10) 
The method involves choosing (partially at least from Table I) explicit 
values of pi, . . . . pi leading to a contradiction even of (10). 
We illustrate with the case r =4. In Corollary 4 set u1 =p1p2p3, 
u,=p,p4sothatu=p,.Foreach1with1~I~12letp;,p;,p;,pkbethe 
first four possible smallest prime factors of v as indicated in Table I. For 
12 13, take pi = 3, pi = 5, pi = 7, pi = 11. Further, except when 1= 1 or 9, 
TABLE I 
a. Small primes in u I Small primes in v 
1 3, I, 13, 19, 31, 37 7 3,7, 13, 19 
2 7, 11, 23, 29 8 5, 7, 19, 31 
3 3, 5, 11, 23 9 3, 5,7, 11, 17 
4 3, 5, 17, 19,23 10 3, 5, 11, 13, 31 
5 5, 7, 11, 17 11 11, 13, 17,23 
6 3, 13, 29, 31 12 3, 7, 17,37 
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put v * =p; p; pipi (a choice which does not quite succeed when 1= 1 
or 9). For L = 9 we select for u * the next smallest possible value of v, 
namely, v* = 3 .5 .7 .17 (smaller, of course than 32 .5 .7 . 1 1 ), while for 
A = 1 we have to take the third smallest value, namely v* = 3 .7 .13.37 
(smaller than 32 .7.13.19). This produces the lower bounds for (LD*)~‘~ 
and the upper bounds for C’ displayed in Table II and proves Theorem 1 
for odd v except prossibly if B has the form (3 * 7 .13 .19 = 5187, k, 1 ), 
(3.7.13.31=8463,k,l), or (3.5.7.11=1155,k,9). But these cases can 
be excluded because in none of them does there exist a k satisfying (1). 
The procedure described becomes easier as Y increases and no new 
entries are required for Table I (meaning that for pi, . . . simply take the next 
odd prime-even if not a permissible prime divisor of v with that 1). 
Focussing on the case r=5 and L=9, take u;=3.5.7, u;=3.11~17, 
v*=3.5.7.11.17 to yield (L~*)‘/~>20.5 and ~‘~18.1, a comfortable 
margin in these circumstances. The reader might be sufficiently convinced 
by this to want to pass over further details which are therefore omitted. 
5. PROOF FOR v EVEN 
By (7), u is even if and only if 1 is even and 
2/+2*-n. (111 
Very useful here is the well-known fact [ 1, Theorem 2.1(i)] that n must be 
a perfect square; write n =m2. Note that, with CJ as given by (8) (with 
pi =2), we have m-ckjm-co and k< om <cr*. Hence l<(r4/v. Thus if 
Pi 9 “‘, p: are the first r primes and u* =p;, . . . . pi, then trivially, with (r’ as 
in Section 4, 
m < d, 1-c oyv*. (121 
For example, choosing u1 = p1 p2 p3, u2 = p1 p4 when Y = 4, we obtain from 
(12) the bounds m < 13, L < 162. Again when Y = 5 and u1 =pI p2p3 p4, 
TABLE II 
a (au*)“4 CT’ a (au*)“4 G-l 
1 10.02 10 I 13 10 
2 15 10 8 20 10 
3 10.3 10.2 9 11.2 11 
4 11 10.2 10 12 I1 
5 13 11 11 28 10 
6 21 10 12 19 10 
313 11 10.98 
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u2 = p1 p2 ps, (12) yields IYI < 22, R < 120. Indeed as r increases the range of 
possible values of 1 swiftly diminishes. 
Based on the above, carry out the following programme. For each 
integer m in the appropriate range, calculate all even values of 1 in the 
appropriate range satisfying (11) and the corresponding values of v and k. 
(As will be evident, there are numerous short cuts whose details we omit.) 
Factorise any o thus found and check whether o(a) = I ( > 4). 
As an illustration take m = 11 so that 21) 23 .3 .5 . 11’. Then 1= 2, 4, 6, 
10, 12, 20, 22, 30, 44, 60, 66 yielding v=7504, 3876, 2668, 1704, 1464, 988, 
924, 756, 616, 544, 528. Of these, 3876 = 22. 3 .17.19 and 924 = 2*. 3 .7.11 
have r = 4 leading to B = (3876, 125,4) and (924, 143, 22), respectively. 
Omitting routine but tedious details we obtain altogether 14 sets of 
parameter values for B as follows (in order of increasing m); incidentally all 
have r=4 or 5. 
(210 = 2 .3 .5.7,133,84) 
(330=2.3.5.11,141,60) 
(3876 = 22. 3.17 ’ 19,125,4) 
(924 = 2* f 3.7.11,143,22) 
(2870=2.5+7.41,152,8) 
(1170=2-3*.5-13,168,24) 
(1380=2*-3.5.23,197,28) 
(630=2-3*-5.7,222,78) 
(7440 = 24. 3.5 4 31,173,4) 
(2380 = 2*. 5.7.17,183,14) 
(780=2-3.5.13,247,78) 
(21390=2.3.5.23.31,293,4) 
(16770 = 2.3 .5 ~13 .43,410,10) 
(4830=2.3.5.7.23,440,40). 
Now Corollary 4 applies to each of the eleven sets for which r = 4 (yielding 
N(Y) > 0). It is also effective when u = 4830 albeit by a slender margin. For, 
choosingu,=2-3.5.7, u,=2.3-23 yields 
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When B= (16770, 410, 10) we make two applications of Corollary 4. First 
take u1 = 2.3 .5, u2 = 2 .3 .13 to give 
N(390)>410 15+3-T -20 TJ+i+ >38, 
(” 4 ‘> (28 28 > 
whence N( 390) > 39. Again, 
N(43) 3; (410 - 20) > 380, 
whence N(43) Z 381. Thus, by Lemma 3, 
N( 16770) > N(390) + N(43) - N( 1) 
239+3X1-410=10. 
When B = (21390,293,4) we attempt a similar approach by means of the 
inequality 
N(21390) 2 N(690) + N(31) - N(1) = N(690) c N(31) - 293. (13) 
Corollary 4 yields directly N(690) > 24, N(31) 3 268, not quite sufficient 
when used in (13). We therefore supply a supplementary argument based 
on the work of Yamamoto [7] to evaluate N( 31). It should be evident 
from Yamamoto’s full results that similar conclusions could be drawn 
under variant hypotheses. 
LEMMA 5. Let B = (n, k, A), where v is even and n = m2. Suppose that 
p = 4t -t 3 is a prime divisor of v for which the order of every prime divisor 
of m module p is even and such that the equation 4m2 = x2 -I- py2 is insoluble 
in positive integers x, y. Then N(p) is one of the four values (p - l)(k + m)/p 
or t&p - 1) -t m)/p. 
Prooj Let x be a character of order p. By hypothesis any integral solu- 
tion of 4m2 = x2 +py2 has y = 0 (and x = +2m). It follows from the proof 
of Theorem 2.14(i) of [l] (taken from [7]) that for some translate B-a 
of B, CbcB X(b - a) is rational and so equals rt m. Accordingly 
S(x) = +xta)m. (14) 
Taking conjugates in (14) we see that the residue a does not depend on x. 
Thus 
236 STEPHEN D. COHEN 
and the result follows since 
1 x(a) = {“-T ly 
x(mod p) 3 
For the application of Lemma 5 to (21390,293,4), take p = 31. The 
order of m = 17 modulo 31 is 30 and 1156 =x2 + 31~’ is insoluble in 
positive integers. Hence 
N(31) = $! (293 f 17) or h (8790 + 17). 
But, of course, N(31) is an integer not exceeding 293. The only value con- 
sistent with this is N(31)= &(8790- 17)=283. Substituting this value in 
(13) we deduce that 
N(21390) B 24 + 283 - 293 > 14. 
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